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INTRODUCTION

This pamphlet should be read in conjunction with E.P. Draft Series TELEPHONES 6/2
which deals in outline with the traffic variations over different time periods, the
busy hour and the grade of service.

Telephone traffic is primarily composed of the calls originated by subscribers
and, by definition, is measured by the product of the number of calls passing over
the group of circuits, or trunks, under consideration and thelr average duration.
There is no mamed unit for this aspect of telephone traffic, the numerical value
obtained merely has the dimensions of calls and time, e.g. 8 call minutes or 0.1 call
hours. The number of trunks provided between any two points must however, be
sufficient to handle the average number of simultaneous calls which will be in
‘progress during the busiest time of the day. For planning purposes, therefore, it is
desirable to have a measure of telephone traffic which glves directly the average
number of simultaneous calls in progress at any specified time. This pamphlet shows
how such a unit is derived and used in conjunction with Erlang's formula to determine
the number of trunks required to handle a given amount of traffic. Only groups of
trunks working under full avallability conditions are considered. Full availability
means that all sources have access to all the trunks in the group, and in practicge
such a condlition does not always exist. E.P. Draft Serles TELEPHONES 6/4 deals with
groups of circults not working under full availability conditioms.

THE UNIT OF TRAFFIC FLOW

The average number of simultanecus calls in progress during a perliod is known
as the traffle flow, or intensity, 2nd is measured directly im units known as
terlangs'. It should be noted that originally the 'erlang' was known as the 'traffie
unit' or 'T.U.° The unit can be derived from observatiomns of calls and their
duration over a specified period, and provides directly the following information:T
{a) the average number of simulitanecus calls during the specified period,

{(b) the portion of the specified period for which a circuit is occupked, and
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(e) the number of calls which originate during a pericd equal to the average
holding time of the calls occurring in the specified pericd.

The traffic flow, A erlangs, during a period of time T, can bz determined from
observations of the number of calls, C, a2nd their average duration t, when T and t
are expressed in the same units, as follows:-~

By definition the volume of trzffic during the period T is equal to the number of
calls, C, times their average duration, t. Thus

~

Volume of traffic = C X ¢t

By applying simple reasoning the volume of trafflec is equal also to the product of 7
and the average number of simultaneous calls, A, duripg the period T. Thus

Volume of traffic = 7T X A
Hence CXt = 7 XA
Ct

A = — B & B

i

The eguation {1) expresses the defiriticu of traffic flow which has been adopted by
the International Telecommunication Union, I.T.U., and is as follows:-

The average traffic intensity during a period T on a group of circulits, or swiiches,
is the sum of the holding times divided by T, these holding times and the period of T,
of course, being expressed in the same units.

Hence, if %t is expressed as a fraction of the period T, and T considered as unity then

A = Ct

Because Ct is a measure of the volume of traffic, the expression 4 = Ct often leads
to the erroneous statement 'x erlangs of traffic'; the numerical value of x in such

a statement is only of value for planning purposes if the period during which the C
calls occur is known. For planning purposes the B.P.C. use the busiest hour of the
day, the busy hour, as the period T, and unless stated otherwise 'erlangs of traffic'
refer to a period of one hour, Thus 6 erlangs of traffic means an average traffic
intensity of 8 simultaneous calls during the busy hour.

The use of one hour as the period T leads to the definition 'ome erlang is ecual
to the traffic intensity on one circuit fully occupied for one hcocur'. Thus the number
of erlangs indicates the portiom of the hour that a circuit is engaged, or occupled,
e.g. if the average traffic intensity on a circuit is 0.8 erlang, the clrcuit is
engaged for 38 minutes of the hour concerned. It follows that when the traffic is
greater than 1 erlang, more than 1 circuit wlll be occupied, e.g. an average traffic
intensity of 3.43 erlang will fully occupy 3.43 circuits for the hour. Imn practice,
however, in order to provide a good grade of service 10 circuits are reguired to
handle 3.43 erlang.

Finally, the definition that 'the average traffic intensity in erlangs is
numerically equal to the average number of calls which originate during the average
holding time of the calls' can be illustrated as follows:-

C calls originaté in the perlod T, and the average holding time as a fraction of
T is t; thus the average number of calls which originate during t is equal to Ct,
which has already been shown to equal traffic intensity in erlangs.
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The foregoing definitions of the erlang are illustrated by the following simple

examples.

1. The number of calls carried by a group of circuits is counted at intervals of
10 minutes during the hour and the average holding time is 10 minutes. The number
of calls in progress simultaneously were 12, 13, 10, 15, 10 and 12.

(a) Intensity of traffic:

Ct

.

T

(12 + 13 + 10+ 15 + 10 + 12)10
80

720

————

80

]

12 erlangs.
{b) The averzge number of calls originating during the average holding time:

A total of 72 calls are originated in the hour, therefore the average
number originated during the average hclding time 10 minutes, is

72
—EB-X 10 = 12, i.e. numerically equal te the traffic intensity.

{c) The circult occupancy:

The volume of traffic is equal to Ct, that is 72 X 10 minutes which is
equal to 12 call hours. The traffic is such, therefore that 12 circuits would b»e
fully occupied for the hour.

2. During a particular busy hour a group of circuits carried 200 calls each of
3.0 minutes duratlion. ‘

{(a) Intemnsity of traffic:
Ct
A = —
T

kS

-

200 X 60
1

il

10 erlangs
{(b) The average number of calls originating during the average holding time:

200 calls are originated im 80 minutes, therefore the number originated
in 3 minutes

200

= ——X 3

a8t

= 10

)
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{c¢) The average number of calls in progress simultaneously:

200 calls each of 3.0 minutes duraticn occur in 80 minutes, the average
number of calls in progress simultapeously

200 X 3
519}

= 10

If the average number of czlls in progress simultaneously is 10 it feollows that,
theoretically, 10 circuits would be fully occuplied for the -hour.

MEASUREMENT OF TRAFFIC FLOW

Tn practice, information about the traffic flow is obtained either in terms of
the total number of calls durling the btusy hour and thelir average duration, or of the
average number of simultaneous calls ir progress during the hour.

The holding times of automatic equipment differ widely because of the short
selzures which result from handsete being knocked acclidentally from their telephones,
or abandosment ¢f calls before the complete number has been dialled. Such selzures ar
cormmon occurrences and contribute comnsiderably to the occupancy c¢f the earlier ranks
of selectors, consequently the number of calls times average duration method of
determining traffic flow 1s not nsed in automatic exchanges. '

The average number of calls in progress during the hour gives the traffic flow
directly in erlangs, and can easily be obtained by counting directly and at frequent
intervals the number of calls simultaneously in progress. The average of the results
gives the number of erlangs, and the accuracy is greater the shorter the interval
between counts. Counting can be

{a) by visual cbservation of the number of switiches er circuits, in a group,
which are engaged.

(t) by manual testing of each clrcuit in the group.
{e) by automatlc recording on meters,

If .a route is providasd with circuits on the correct basis, the tendency will be for
most of the circults to be in use during the busy period. This suggests that, insteac
of counting the engaged circults, it would normally be guicker to count the idle
circuits, and this 1s in fact done for records taken manuvally on circults from
switchpoards. Most large exchanges are fitted with automatic traffic recorders, whict
have the advantage of being able to test over a large number of circuits on many grouyj
in each cycle of tests.

The functionm of the automatic traffic recorder is to test for engaged conditioms
over all the cirecuits 1ln a number of groups, and to record on a number of meters ever;
engaged conditicn found. The tests are normally made once every 30 seconds and take
place over a 1g hour perled; meter readings are taken at half-hourly intervals and th
busy hour i3 the greater of the two 1 hour periods so measured.

éThe average number of = Total readings ln 1 hour for + Number of test cycl
. simultaneous calls in all the circuits in the
© @ group group

Therefore
3 Total readings in 1 hour period

120

Traffic flew in erlangs =
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Example

The initial reading of the meter comnected to a certain group of circuits is
0172, and the second, third and fourth readings are 0434, 0822 and 0848 respectively.

The readings are tabulated and the number of éngaged conditions found in the two
1 hour periods are obtained as shown.

3rd reading 0822 4th reading os4eg
l1st reading 0172 2nd reading 0434
1 hour difference 0450 1 hour difference 0410

The busy hour is, therefore, the first 1 hour periocd and the traffic flow in that period

450

120

3.75 erlangs

TYPES OF TRAFFIC

PURE CHANCE TRAFFIC

The number of calls in progress varlies from one instant to the next, the actual
number depending on the time of origin and the duration of each call. In practice,
although not theoretically correct, the trafflc originated by subscribers is assumed
to be of a pure chance nature.

Pure chance traffic is defined as traffic in which a call is as likely to originate
at one moment as at any other; this implies that the number of sources from which calls
originate 1s infinite. 1In practice the number of sources is always finite and if all
the sources originated calls simultaneously there would be no liklihood of any further
calls occurring. However, the proportion of the number of sources to the number of
calls in progress at any one time is usually very small, comnsequently it is reasonable
to assume that subscribers' traffic is originated on a basis of pure chance.

~SMOOTH TRAFFIC

Where the traffic on a group of circuits does not at any time differ greatly from
the average traffic measured over a period of time, it 1s sald to be 'smooth'. Smooth
traffic conditions apply

(a) when the number of sources from which the calls originate 1s small and the
traffic large, since in such circumstances the chance of -a further call being originated
diminishes as the number of calls in progress grows larger.

(b) at a particular stage in a serles of stages when the peaks of the
originating traffic have been spread over a number of groups of circuits by the inter-
connexlon arrangements. ,

The smoother the traffic the fewer the number of circuits required to deal with a
glven volume of traffic at the same grade of service.

PROBABILITY AND GRADE OF SERVICE

The assumed pure chance nature of telephone traffic allows the theories of
probability to be applied to the problem of finding the number of calls lost when a
number of trunks are offered a given number of erlangs. A Danish englneer, A. K. Erlang,
has evolved a mathematical relationship between the quantities, and although it makes

5
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certain assumptions it has been considered sufficliently valid for certain practical
applications. Before discussing Erlang's formula some of the simpler aspects of
probability and thelr application to telephone traffic will be conslidered.

PROBABILITY

The occurrence of an event that is as likely to happen as not can be expressed as
a probability and given a numerical value equal to the ratio

the number of times the event is possible

the total ‘number of possible occurrences

When the number of times the event is possible equals the total number possible
occurrences, the happening of the event is a certainty and the numerical value of the
probability is 1. If the event is an impossibility the value of the probability is O,
consequently all values of probability fall between O and 1.

It is a certainty that an event will either happen or fail to happen, thus if P
is the probability of the happening of an event, the probability of its failure to
happen is 1-P, ‘

Single circuits

Let a circult which is engaged be considered as an event, them if 3 circuits in a
group of 10 are engaged, the probability of ONE circuit being found engaged at a random
cholce is %U » and 1f © circuits are engaged the probability is-fg + A circuit must be
elther free or engaged, thus %f 3 circuits are engaged the probability of finding ONE

circuit free is (1 - f%ﬁ = g5 -

If a circuit is engaged for x minutes in an hour, the probability of findipg the
circuit engaged during the hour can be expressed as

number of minutes circult engaged _ x

number of minutes in the hour : 80

It is very important to note that the fraction-{t is numerically equal to the traffic
in erlangs carried by a circuit which is engaged for x minutes in the busy hour. Thus
the traffic in erlangs carried by a SINGLE circuit is numerically equal to the
probability of finding the circuit engaged during the hour.

Groups of circuits

When two circulits which are just as likely to be free as engaged, are tested
simultaneously the probablility that they both test engaged can be determined as follows:-

There are 4 possible results to the simultaneous test as shown in the table

Circuit 1 Free Engaged Free Engaged

Circuit 2 Free Free Engaged Engaged

Thus the probability that both circuits will test engaged is-%—or 0.25. It is
important to note that the probability that both circuits will test free is also 0.25,
but that one will test free and the other engaged is 0.5. 1If, however, consideration
is paid to which circuit is free the probability is 0.25.

If the separate circults each have a given probability of heing found engaged,
the probability that both will be engaged simultaneously is equal to the product of
the separate probabilities. The foregoing follows from the theorem that 'the
probability of the simultaneous or successive occurrence of a number of events is the
product of the probabilities of the separate occurrences'.

6 (7/84)
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Let the probability of each circuit being found engaged ve 0.4, then the
probabllity of finding both circuits engaged simultianeously is

P = 0.4 X0.4 = 0.18
and the probability of finding both circuits free simultaneously is
P = (1 - 0.4) X (1 -0.4) = 0.36

The probability of finding circuit 1 engaged is 0.4 and of finding circuit 2 free is
0.8, hence the probability of finding circuit 1 engaged and circuit 2 free is

P = 0.4 X0.8 = 0.24,

in a similar fashion the probability of finding circuit 1 free and circuit 2 engaged
s also 0.24. The two circults can only exist in one of the four states already
considered, hence the sum of the probabilities 0.16, 0.38, 0.24 and 0.24 equals 1,
i.e. certainty.

When consideration is not given to which circuit is free in determining the
probability of one circuit free and the other engaged, the theorem that, 'the
probability of the occurrence of either one or the other of two mutually exclusive
events ls equal to the sum of the probabllities of the single events', 1is applied.

The event is one specific circuit engaged and the other free, and the events are
mutually exclusive because the occurrence of one of them prevents the occurrence of
the other. Hence the probability of finding one circuit engaged and the other free is

P = 0.24 + 0.24 = 0.48

The foregoing method of working can be applied to groups containing more than
2 circuits. The number of possible results to a simultaneous test of x circuits is
equal to 2%*, thus when a group of 4 circuits is tested there are 1% possible results.

Let each circuit of a 4 circuit group have a probabllity of being engaged of
0.02. The probability of any particular result to the test is the product of the
probabilities of the separate circult conditions, hence

(a) +the probability of all circuits being engaged = ,02 X .02 X .02 X .02
= 1A X 1078

{b) the probability of all circults being free = ,98 X .98 X .98 X .98
= .92237

{c) +the probability of the test cct. 1 free, cct. 2 engaged
cct. 3 engaged and cct. 4 free = ,98 ¥ .02 X .02 X .98

= .000384

(d), the probability of a test in which at least one circuit
is engaged = 1 - .92237

= 0.07783

It should be noted that the probability (d) is very nearly equal to the sum of the
probabilities of the separate circults being engaged; this point is dealt with fully
later in this pamphlet.

7 (7/64)



E.P. TELEPHONES 6/3

GRADE OF SERVICE

The traffic intensity in erlangs is the average intensity during the hour,
therefore the intensity at any instant during the hour is likely to be more or less
than the number of erlangs. If, therefore, the traffic estimated to be offered to a
group of circuits is, say, 8 erlangs, and only 8 circuits are provided, it is a
certainty that some of the offered traffic will be lost. The certailnty will be reduced
to a probabllity if more than 8 circults are provided, the greater the number of
circults the lower the probablility.

' The probablility of a call being lost can be expressed by the ratio

calls lost
calls offered

and consequently when the calls are considered to have equal holding times

traffic lost
traffic offered

P:

In practice sufficient circuits are provided to give a specified value to the
probablility of a call being lost during the busy hour; the probability in this applica-
tion 1s known as the 'grade of service'. Detalls of the values of the grades of service’
for various types of circults are given in E.P. Draft Series, TELEPHONES 6&/2.

The grade of service, B, 1is equal to the ratlio of the traffic lost to the traffic
offered, 1t must therefore also be equal to the probability of finding all the circuiis
in the group simultaneously engaged, that is

number of minutes all circuits simultaneously engaged

number of minutes in the hour

Thus 1f B = ,00625, 1i.e. T%ﬁ' then 1 call in 160 is lost and all circuits are
simultaneously engaged for a total perlod of 22.5 seconds inm the busy hour. It follows
that when only 1 circuit is concerned, the traffic carried in erlangs is also numerically
equal to the grade of service, e.g. if the circuit carrles .75 erlang the circuit is
occuplied for .75 of the hour, hence the grade of service is .75.

The grade of service quoted for the purpose of equipment provislon is based on the
traffic during the busy hour, consequently at times other than the busy hour it is
governed by the ratio of the traffic in the hour under consideration to the traffic in
the busy hour.

It should be noted that as the value of B increases the grade of service in terms
of calls lost worsens, e.g.

B = ,001 = 1 call lost in 1000, and
B = .002 = 1 call lost in 500,

Overall grade of service

In a telephone exchange metwork the ranks of selectors and junction groups each
have a specified grade of service, comsequently the overall grade of service on a
subscriber to subscriber call is dependent both on the value of B at each link in the
call and the number of links involved.

Consider, for simplicity, the circult to comsist of 2 links having grades of
service of .005 and .02 respectively. The links can exist only in any one of the four
following states '

1 2 3 4
Link 1 Free Free Engaged Engaged
Link 2 Free Engaged Free Engaged
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From the theorem that 'the probability of the successive occurrence of z number
of events is the product of the probabilities of the separate occurrences', it follows
that,

the probability of condition 1 is (1 - ,003) X (1 - ,02) = .9751
" " " " 2 " (1 - .005) X (.02} = ,0199
" " " " 3 " (.005) X (1 - .02) = .0C49
" " " N 4 " (.C03) X (.C2) = ,0C01

Thus for a call to be successful the two links must both be free; therefore the
probability of a call being successful is

(1 - .005) X (1 - .02) = ,9751

For a call to fall the two links must be in one of the conditioms 2, 3 or 4; these
events are mutually exclusive, therefore the probability of the occurrence of one of
them is the sum of thelr separate probabilities. Thus the probability of a call
failing 1is

L0199 + .0049 + L0001 = .0249

This value is very nearly equal to the sum of the two separate grédes of service,
i.e. .005 + .02 = ,025.

The problem may also be resolved in the following way:-

Consider the overall grade of service for a local call on a hypothetical exchange
having two ranks of selectors, the 1lst selectors having a grade of service, By, of
.G05 and the final selectors a grade of service, B,, of .0OZ.

Let the traffic offered to the 1st selectors = A erlangs, then
traffic lost at 1st selectors = B,A
“ traffic offered to final selectors = A - BjA
traffic lost at final selectors = B,(A - B,A)
" successful traffic = (A - B;A) - B,(A - B A)

= A - ABy - A82 + AB, B,

. traffic lost overall = 4 - (A - AB, - AB, + ABiBZ)
= AE, 1 AB, - AB,3B,
= + -
A(B1 BZ RIEZ)

. overall grade of service B = B, + B, - B,B,

Substituting the values given for B, and B,

B = .005 4+ .02 - (.005 X .02)
= L0085 + .02 - .0001
B = .0249

The value for the overall grade of service is the same by both methods of working

and is very slightly less than the sum of the individual values; this is to be
expected when sm. . values of B are involved because the traffic passed from one rank
of selectors to the next is very nearly the szme as that offered to the particular
rank.

O
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The sum of the individual grades of service is accurate to within approximately
2% for a grade of service of .02 at three successive links, and 3% for a grade of
service of .033 also at three successive links. The error increases with the number
of links, being 10% for five links when the grade of service is .02. In the event
of calculations based on lower grades of service than those already conslidered, the
general formula

Overall grade of service = 1 - (1 - B)"
where B is the grade of service at each of N links, is used.
Summarlzing the foregoing.

{a) The probability of a call succeeding over a number of switching stages
and/or Junctions 1s the product of the individual probabilities of success.

(b) The overall grade of service over a number of switching stages and/or
Junctions may be taken as the sum of the individual grades of service when the
individual values are small.

In practice the busy hour traffic varies from day to day, comsequently the
grade of service at any switching stage or junction route is based on the average of
serveral busy hours. Also the busy hours of the various switching stages and junctions
involved in a call may occur at different times, therefore the overall grade of service
is likely to be better than the sum of the individuwal values.

Measurement of grade of service

In automatic exchanges meters are provided by means of which 1t is possible to
keep a continuous check on the grade of service given on the various groups of circuits.
The meters are in addition to the automatic traffic recorder which normally is used
only to provide complete records of the traffic at 8-monthly intervals.

The chief types of meter provided for the supervision of the grade of service
are:-—

(a) overflow meters,
(b) late-cholce call meters, commonly termed congestion meters, (LCCM)

(c) 1late-choice traffic unit meters, commonly termed congestion time-unit
meters, (LCUM)

{(d) group occupancy time meters, (GOTM) and
{(e) call-counting meters.

Overflow meters. An overflow meter is connected such that it records very nearly

the number of calls which occur when all the circults in the group are engaged. In
practice, when all the circults on a selector level are engaged and another call
occurs, the wipers of the particular selector step to the 11th ocutlet and cause the
overflow meter to operate and remailn operated until the selector 1s released by the
calling subscriber. In non-director eareas such calls are held for approximately

10 seconds, and in director areas for 15 seconds. If the wipers of another selector
step to the 11th outlet the event will not be recorded because the other selector is
holding the meter operated; however, if the total number of 'overflow calls' is small
the resultant error can be neglected.

A value known as the 'critical reading' obtained from the overflow meter read-
ings which, 1f consistently exceeded will indicate that the grade of service has
fallen below a certain figure, can be determined as follows:-

The number of circults in a group are provided so that a particular grade of
service is given when the group is offered a specific number of erlangs. The trafflic

10
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lost, or overflowing, from the group is given by the product of the traffic offered,
A, and the grade of service, B,

l.e. Overflow traffic = BA

By definition A is equal to the number of calls originating during the average
holding time, t, hence

BAT

!l

Number of lost calls where T = total period of record, and

t = average holding time in terms of T

Hence, as the period T is the busy hour and t is in hours,

) Ba
Number of lost calls = —u

t

and if the number of calls lost as recorded on the meter exceeds this figure the actual
grade of service on the group is deteriorating. Consequently the numerical value given
by the expression B4/t is known as the critical figure.

It should be noted that in determining the critical figure it is assumed that both
effective and lost calls have the same duration, t; in practice the resultant error
is negligible when the grade of service is good, i.e. the value of B is small. In
practice, when B is better than 1 in 50 the traffic offered may be considered to be
equal to the traffic carried, thereby simplifying calculations.

anmgle

#ind the critical overflow figure for a group of 40 trunks so arranged that they
can carry 21.723 erlangs for a grade of service of .005; the average duration of the
calls is 2.0 minutes,

_ BA

Critical value = ——

L0085 ¥ 21.83 X 80
3

!

2.18 Answer

‘Late choice call meters and late choice traffic unit meters. These meters are
provided on groups of circuits from continuously hunting switches such as subscribers
uniselectors, where the overflow traffic cannot be measured. The LCCM is connected
usually to the last circuit and records the number of times this circult is selzed. A
contact of the LCCM completes a circult for the LCUM which records the cumulative time
that the circuit is in use, by being stepped once every half-minute. The reading of
the LCUM glves the number of half-minutes the lost circuit is occupled, hence in the
busy hour

LCUM reading

120 = Trafflc in erlangs carried by the outlet

The traffic carried by the last circuit in a group, for a given grade of service can
be calculated as shown later in this pamphlet; the critical figure for the LCUM is,
therefore, equal to the reading which represents this traffic.

Hence, critical figure = Last circuit traffic at the

specified grade of service 120

Croup occupancy time meters. These meters are used to record the cumulative time,
usually in 1 second or 2 second intervals, during which all the circuits in a group

are busy. Such a meter is fitted to each primary finder group in the linefinder systern
and records the time directly in seconds during which all the selectors in the group
are engaged. 11
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The proportion of the hour during which ail the trunks are engaged is numerically
equal to the grade of service for the group. If, therefore the grade of service is
.005, the critical time for the group is .005 of an hour, i.e. 18 seconds. The
critical figure for the meter depends on the time pulse employed; 1f a 2 second time
pulse is used the critical time cf 18 seconds 1is, of course, 9.

Call-counting meters. These meters are connected to certain itypes of €quipment such
as directors and senders, and operate once for each completed call., The time for the
particular pilece of equipment tc perform its funetlon is known, hence the product of
this time, in terms of an hour, and the meter reading over the period of an hour gives
the traffic in erlangs carried.

The circuit arrangementis of the meters dlscussed ie this section are dealt with 1§
the pamphlet on traffic recording.

ERLANG'S PORMULA

The mathematical relation between traffic intensity, grade of service and a
given number of circults which has been evolved by Erlang is based on the following
assumptions:-

(a) that all the circulits in the group can be tested by every source of traffic;
this means that full availability comnditions must exist,

{(b) that the traffie is of a pure chance nature; i1f the number of sources is
in excess of 100 very little error resulis from this assumption,

{c) +that all the calls which origirate whern 2ll trunks are busy are lost, and
that the holding time of these calls iz zero,

(d) that the traffic is the average of a large number of busy hours, and that
statistical equilibrium conditions exist, this implies that during a very short
interval of time, dt, the total number of <zlis which terminate 1s equal on the
average to the number which originate in the same period.

A method of deriving the relationshlp from first primciples is glven later in
this pamphlet. The method is a version of that firsi produced by H.A. Longley and
N. A. Hawkins, and published in the ¥.0.E.E.J. Vcl. 41, Parts I and II 1648 under the
heading "The Efficiency of Gradings”.

Erlang’s formula for the probability, P, of x circults being engaged when A
erlangs are offered to a group of N circuits is

Ax
X
x A? A3 AN

T T 1

N! is known as 'factorial® N and is equal to ¥ X (N - 1) X (N - 2) .... X [N ~(N-1)).
By convention if N = 0O, NI = 1.

The probability of all trunks being engaged is alsc the probability of a call
failing, i.e. the grade cf service, hence

K
N7
B =
A% a3 a®
1+ A+37T+H3T N7

If 1t is desired to find the theorzstical grade of service when a group of N
trunks is offered a known value of A erlangs, it iIs only necessary to insert the
values of N and A in the above formula and solve.

i2
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Example 1
A full availability group of 5 trunks is offered a busy hour average of 3 erlangs,
what 4s
(a) the probability of 3 trumks being simultaneously engaged,
(b) the probability of all trunks being free, and
{s) the grade of service?

Whep a full avalilability group of N trumks is offered A erlangs of pure chance
traffic the probability, P, of finding exactly x trunks engaged is given by

Ax

x!

P =
* AZ A3 AN
1 +A+2l +3! + . o0 0 Nl

{a) Thus the probability of finding 3 trunks engaged is

33
31
P, =
32 33 3% 35
1+t oy +t3rtar tEr
27
3 )
> , 27 8L 283
1+ 3 +5++t57 1 T2
27
_ 8
82
5
_ 27 X5
= 92 X6
_ 45
= Tes

= (0.2445 Answer (a)

{b) The probability of finding all trunks free is the same as the probability
of finding no trunks engaged.

|m
[«]

© © ©lo
Q) m'wlw mlm L_

1

0.0543 Answer (b)

13



E.P. TELEPHONES 6/3

(c) The grade of service B,

w
w

w

©
m'm

243
120

o2
5

243 X 5
120 X g2

0.1101 Answer (c¢)

Example 2

Calculate (a) the grade of service given, and (b) the traffic lost, by 5 switches
arranged in a full availability group when offered 0.9 erlang.

AN
) Th f = N
(a) The grade of service B = e 3 o
1+ A+ZTF 3T -0 T
0.95
_ 120
0.92 0.93 0.9 0.6
14+ 0.9+ 5 + 8 + By + 120
0.0049
5.45  2Pprox.
= .002
The grade of service is 0.002 Answer (a)
(b) The traffic lost = +traffic offered X grade of service
= 0.9 X 0.002
= 0.0018

The traffic lost is 0.0018 erlang Answer (b)

POISSON'S EXPRESSION

If the number of circuits in a group is large and the grade of service is to be
good, a somewhat simpler expression can be used. The denominator of the Erlang
formula approximates to the infinite series

AZ A3 AN
14+ A +'§T +-§T cosnes TT ceecees

A

as N becomes large. The sum of this series is egqual to ¢, where e = base of

Napierian logarithms i.e. 2.7183.

14
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Substituting in Erlang's formula we have:-
AN
efN1

This equation is known as Polsson's expression, and the results obtained by using it
approximate closely to those obtained from the Erlang formula if N is large.

TRAFFIC CARRIED BY EACH TRUNK IN A GROUP

The circuits, or trunks, of a full avallability group connected to the selector
levels in an automatic exchange are always tested in the same order. The traffic
offered and that carried by each trunk in such a group of N trunks offered A erlangs
can be determined by use of Erlang's formula in the following way.

15T TRUNK TRAFFIC

The trunks of the N circuit group are tested in the same order, thus the A
erlangs may be considered to be first offered to a group consisting only of the 1st
trunk, that 1s a 1 circuit group. The traffic mot carried by the 1st trunk is,
however, not lost but is passed to the 2nd and subsequent trunks of the N circuit
group. The traffic passed on from the 1st trunk is equal to the product of the traffi.
offered, A erlangs, and the grade of service, B,, of the 1 clircult group when it is
offered A erlangs. Thus

Traffic passed on from 1st trunk = AB,
By Erlang's formula, when N = 1
_ A
By, = 7T Fa
. — >/ A
. traffic passed on from 1st trunk = A X 7717
T 1+ A
AZ
The traffic carried by the 1st trunk = A - T
A+ A% - a2
- 1+ A
_ A
T 1T FA
A
. Traffic carried by 1st trunk = T 17

This confirms the earlier statement that the traffic carried by a 1 eircuit group 1is
numerically equal to the grade of service.

2ND TRUNK TRAFFIC

The trafflic carried by, and passed on from the 2nd trunk to subsequent trunks can
be determined by considering the A erlangs to be offered to a 2 circuit group. The
traffic not carried by the 2 circult group is the product of A erlangs and the grade
of service, B,, of the 2 circuit group when offered A erlangs; it is this traffie whic
is passed on to the subsequent trunks of the N circuit group. Thus the traffic passed
on by the 2 circuit group can be expressed as

15
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Traffic passed on by the 2 circult group = AB,

!
&

By Erlang's formula when N =

A?
21
B =
2 2
1+ A+3T
AZ
21
. Traffic passed on by the 2 circuit group = 4 X
1+ A+357

The traffic carried by the 2nd trunk of the N circuit group is equal to the
difference between the traffic passed on from the 1lst trunk and that passed on from the

2nd trunk. Thus, traffic carried by the 2nd trunk = B,A -~ B,A
A2
A 21
= AX1+A—AX
A2
1+ A+35T
A2
A 27
. Traffic carried by 2nd trunk = 4 TF7% -
2
A
1+ A+37

The traffic carried by and passed on by any trunk in the N circult group can be
determined by applying the method used to find the traffic carried by, and passed on
from, the 2nd circuit.

LAST TRUNK TRAFFIC

" When the grade of service, By, of the N circult group is known, the approximate
traffic carried by the last trunk is given by the simple expression

Last trunk traffic = B, (N - A)

The expression is derived as follows:-
From previous working it follows that the traffic carried by the Nth trunk is equal to

AB(N—i) - ABN

that is, the difference between the traffic passed on from the (N-1)th trunk and that
lost from the Nth trunk. :

The grade of service for the N circuit group,

A"

N1
2 A(N—i) aN
cees o1 T W

18



Let the denominator

of this expression equal K

A_

_ NI

By =7
Al 1

The grade of service for the (N-1) circult group,

AN

Divide through by i

A(N‘i)

E.P. TELEPHONES 6/3

{N-1)1

Bn-1) 2

A
1+ A +'§T P

alN-1)

) (N=1)1
FRen T T
K - %7
a(K=1)

(N-1)1

Biv-1) T

N
A
1 - By
.BN
By N
A(1-B,)

A(N"i)
(N-1 )1

The value of B is usually small, and consequently only a very small error results
from assuming that 1-B is equal to unity, hence it may be stated that

By N
B =
(N‘i) A
Thus, substituting for B(N-i)

Traffic carried by Nth trunk = AB(N 1)

A.BN N
= By N - AB,
" Last trunk traffic = B, (N - A)

17
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Example

Calculate the traffic carried by each of the first 3 trunks of a full
avallability group when offered 2 erlangs.

A
Traffic carried by 1lst trunk = 1 ¥ &
2
= TF 35 T 0.687 erlangs.
Traffic carried by 2nd trunk = trunk offered - traffic passed on
AL
_ A 21
= \TFz XA ~-|——Xa
AZ
1+ A +'—T
4
_ 2
= X2 - X 2
1+2+3
= &+ _ 4
= 13-3
= 0.533 erlangs
Traffic carried by 3rd trunk = traffic offered - traffic passed on
23
4 2 X3 « 2
5 4,8
1+2+35+3
= 0.8 - 0.421
= 0.379 erlangs
The traffic carried by 1lst trunk = 0.6867 erlangs
" " " " " " = 0.533 erlangs Answer
" L1} " ”n ”n ”n - 0.379 erlangs

The sum total of the traffic carried by the first 3 trunks in the previous example
is 1.579 erlang; the remaining 0.421 erlang is passed to the 4th and subsequent trunks
in the group., If, however, the group had consisted only of the 3 trunks the 0.421

0.421
erlang will be lost, and consequently the grade of service, B, equals ) = .210s5.

18
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The result obtained in this fashion for the grade of service can be checked by the
use of Erlang's formula

AN
NI
B:
a2 A3
1+Aa+37+4 31
o3
_ 31
. 422,20
1+ 2+ 37+737
8
_ 6
4 g
1+2+5+7
8
B
38
8
_ B
- 38
" B = wvery nearly .2105

TRAFF IC TABLES

Whilst it is possible to obtain values for the traffic offered to a trunk and
-for traffic passed on or lost by that trunk in the manner described in the foregoing
section, a large amount of laborious work is involved in obtaining answers for
individual cases., In practice the quantities of traffic carried by particular trunks,
or passed on from particular trunks, are tabulated from families of curves which have
been derived by plotting quantities of traffic determined in the manner already
“described. '

By using the curves shown in Figs. 1 and 2 (appended) it is possible to determine
the traffic carried by each choice, or trunk, of a full availability group of up to
10 trunks when offered a known quantity of traffic, by subtracting the value of traffic
offered to the next choice.

Example
Traffic carried _ Traffic offered Traffic offered
by first choice ~ to 1lst choice ~ to 2nd cholce .

Assuming 5.C erlangs offered to the 1lst choice, then from Fig. 1

Traffic carried by lst choice = 5.0 - 4.15 = 0.85 erlang
Similarly,
Traffic carried _ Traffic offered Traffic offered
by 3rd choice ~  to 3rd choice T to 4th choice

From Fig. 1,

Traffic carried by 3rd choice = 3.375 - 2.85 = 0.725 erlang.

1¢
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The traffic carried by a group of 10 trunks when offered 5 erlangs is found as
follows:-
Traffic oifered
tc the group

Traffic carried
by group of 10 circuits

Traffic passed
on from group
The traffic passed on will be equal to that offered to an imezginary 1l1th trunk. From

Fig. 2, .the 11th choice of a full availatility group which is offered 5 erlangs will be
offered 0.092 erlang. Thus a full availability group of 10 trunks will carry

5.0 - 0.082 = 4.90f erlang

The grade of service for such a group of circults when offered 5.0 erlangs can be
found as follows:-—

traffic lost from group

Grade of service

traffic offered to group

0.062

= 0.0124

The trafflc capacity at a specified grade of service of various groups of trunks,
assuming full availability conditions, is glven in Table 1.

20

No. of Capacity in erlangs for grade of service of:-
trunks
0.002 0.005 C.01
1 0.002 0.005 0.01
2 0.085 0.105 C.15
3 0.25 0. 35 0.45
4 0.53 0.70 0.87
5 0.90 1.13 1.3%
5] 1.32 1.82 1.886
7 1.80 2.18 2.47
8 2.31 2.73 3.11
9 2.85 3.33 3.77
10 3.43 3.56 4.4R
11 4.02 4.81 5.1
12 4.83 5.28 5.9
13 5.27 5.97 8.8
14 5.92 /.83 7.3
15 8.58 7.38 8.1
18 7.26 2.10 8.9
17 7.95 8.84 9.7
1g 8.84 9.58 10.5
19 9.35 10.34 11.3
20 10.07 11.10 12.0
4C 2.7 27.3 29.0
70 51.0 53.7 58.3
10C 78.4 20.9 84.1
TABLF 1
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For a glven grade of service it can be seen from the table that the average traffic
per trunk 1s greater with a large group of trunks than with a small group. At a grade
of service of 0.002, a group of 10 trunks can carry 3.43 erlangs, an average of 0.343
erlangs per trunk; thus on average each trunk is engaged for 0.343, or approximately
20% minutes, of the hour. At the same grade of service 20 trunks can carry 10.07
erlangs, an average of 0.5035 erlangs per trunk; thus on average each trunk is engaged
for approximately 30 minutes of the hour. Therefore from a traffic-carrying point of
view large groups cf trunks are more efficlent than small groups, but the capacity of
large groups to carry overloads of traffic without serious deterioratlion of the grade
of service is less than that of small groups, because their trunks are on average
occupied for a greater proportion of the hour.

THE DERIVATION OF ERLANG'S FULL AVAILABILITY FORMULA

The assumptions underlying the derivation of the Erlang formula have already
been stated, but for completeness are agaln given, and are as follows

(a) that full availability conditions obtain.
(b) +that traffic is of a pure chance nature.

(¢) that the calls which originate when all trunks are busy are lost, and
that the holding time of these calls is zero,

(d) that the traffic i1s the average of a large number of busy hours, and

(e) that statistical equilibrium conditions exist. This implies that during a
very short interval of time, dt, the total number of calls which terminate is equal
on the average to the number which originate in the period dt.

This derivation, which was produced by H. A. Longley and N. A. Hawkins, and
published in the P.O.E.E.J. Vol. 41 Parts I and II, is based on the examination of a
group of circuits which is In statistical equilibrium and accepting A erlangs in a
random manner.

Consider, for simpliclty, a group of 3 circults which are always tested in the
same order, that is circuit 1, circuit 2 and then circuit 3. The group must, at any
instant, be in one of the eight states shown in Fig. 3; for convenience the eight
states are subdivided into four classes, Po’ P,, F, and PB' The arrival or cessatlion
of a call causes the condition existing at that instant to change; commencing with

"all circuits free, the trend of the change in circuit conditions is illustrated in
the following four examples:-

(1) The ipitial condition is P,, that is all circuits free; a call arriving
must, because of the order of testing, change the condition to P, a.

(1i) The arrival of another call changes condition F,a to condition P,a; the
cessatlon of a call, however, reverts condition P,a back to Po'

{iii) A call arriving when condition P,a exlsts creates condition Pa; the
cessation of a call, however, reverts condition P,a to concition F;a or P;b depending
on the call which ceases.

(iv) A call arriving when condition F; exlists 1is, by the assumptions underlying
the derivation, lost and considered to have zero holding time; the cessation of a
call creates ore of the F, conditions, the actual condition depending on which call
ceases.

A diagram showing how the conditions of three circuits change with the arrival
and cessation of pure chance calls is given in Flg. 4. Consider the circuits to be
in the condition P, b, the arrival of a call changes the condition to condition FP,a as
indicated by the solld line arrow; the cessation of the call on circuit 2 changes the
condition to F,;a as indicated by the broken line arrow.
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The proportion of any given perlod of time that each of the four main condition, P,
Py, P, and P;, exist can be represented by the labelling used in Fig. 4, and the sum
of these proportions will egqual the period of time, hence

P, + P, + P, + P, = 1 where 1 = +the per;od of time

and

P, + (Pia + P,b + Pyc) + (Pza t+ P,b + P,c) + P, 1
The assumptions (b) and (d) imply that, over a period of time, each circuit
condition will receive traffic with the same average intensity, A erlangs.

Consider the period of time to be equal to the average holding time of the calls.
The average number of calls arriving in the holding time is equal to A, hence in the
proportion of the period, say, P,a the number of calls arriving is AP,a, and in the
period P, the number is AP,. It should be remembered that assumption (c) means that
calls arriving during the period P3 are ignored.

On the average, any call exlisting on any clrcult will terminate within the
average holding time. Thus the average number of calls ceasing on any circuit during
any proportion, P, of the average holding time will be P; +this means that when the
circuit condition F;b is considered the average number of calls ceasing is P,b, but
when P,b is considered the average number of calls ceasing is 2P,b because the
condition contains two engaged circults.

When the system is in statiscal equilibrium the amount of traffic which tends
to create a given condition equals the amount which tends to destroy that condition.

Example

Condition P,a, Fig., 4, 1s created by the arrival of traffic during condition P,

i.e. AP , and the cessation of traffic during conditions P,a and P,b, i.e. P,a + P,b.
On the other hand the condition is destroyed by the arrival of traffic during P, a,
i.e. AP,;a, and the cessation of traffic during P,a, i.e. P,a.

Thus AP, + P,a + P,b = APja t+ P,a.

Erlang's full availability can be derived by extending the reasoning applied in
the foregoing example.

Condition P,, Fig. 4, is created only by the arrival of traffic during conditlionms
P,a, P,b and P,c, l.e. A(P,a + P,b + P,c). On the other hand the condition is
destroyed by the cessation of a call on any one of the three circults,
i.e. P3 + P, + P, = 3P,.

Thus  A(P,a + P,b + P,c) = 3P,

. AP, = 3P4

22
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formed, and are as follows:-
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4 basic equations for the group of three circuits can be

CONDITION CHEATIVE FACTORS = DESTRUCTIVE FACTORS
Py FOF AP, (1)
F,a AP, + P,a + P,b = Ab,a + Fia
P,b P,a t P,e = AP;b t P,b
P,c P,b + F,c AP c + Pjc
Thus P, AP, + 2P, = AF; t F, (2)
Foa Abja + AF,b + Py = AF,a + 2p,a
P,b AF,c + E, AF,b 14 2P,b
F,c P3 = AF,c + 2P,c
Thus F, ap, t 3P; = 4F, 1 2F, (3)
Fq AP, = 3F, (4)
From the equations 1, 2, 3 and 4.
AR, = P, LB, T AP,
o A A s
AP, T 2B, . Py, ¥ 5Py T TX AP, T 5P,
o _ AL _ A At a3
AP, T 8By Py T ogh, T AR T TxXe b
It has already been stated that
By + P, + P, + P3 = 1
y + A2 \ + Aa —
Pyt AR, bRt P, T 1
1
Py =
X + -‘_2_ .__Aa
1+ 4 51 + 1
where 2! and 23! are factorial 2 and 3 respectively, factorial N, N!, evaluates to
N YO (N=1) ¥ (N=2) vevvnnn. X(N = (N-1)).

o
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The expression obtained for P, gives a numerical value to the proportion of the period

of time that such a condition, i.e.

all circuits free,

exists. This condition, P

0?

can also be considered as the proportion of the time during which none of the circuits

are engaged,

also the proportion of the time is numerically equal to the probability,

hence the probability of no circuits being engaged when three circuits are offered

A erlangs 1s given by

In general terms,

considering N circuits

B 1
a? A3
14+ A4 51 + 31
1
- A2 s a3 at Al
1 A 5T -S—X—+ET...... N1

Ey similar reasoning, the probability of finding 3 circuits engaged can be fcand as

follows:-
Fs
. P3
Again, in general terms when a group

The probability of all circuits in a
grade of service, B, for the group.
when offered & erlangs is

oA
= 37 - Fo
a3 y 1
31
Az a2
1+ A+ =1 + 31
It
B 31
A A3

1t at Tt ET

of N circuits 1s considered,

a2 a3 AN
144+

ET cesees 1 1
group being engaged is numerically equal to the

Thus the grade of service for a group of N elircuit

ah

Nl

A e
144 +57 4+ 3
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